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Yeast biofilms
Sticky communities of cells and fluid.
Candida albicans

I Human pathogen: grows on implanted medical devices.
I Candidiasis affects 0.2% per year, mortality rate 30–40%1.

Saccharomyces cerevisiae
I Baking and brewing.
I Model organism.

We can induce biofilm formation in experiments.

(a) 3 days. (b) 5 days. (c) 7 days. (d) 10 days.

1M. S. Lionakis, Med. Mycol. 52 (2014), pp. 555–564.
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Sliding motility

Cell proliferation generates expansive forces.
Cell surfaces are hydrophobic2.

I Low friction on biofilm–substratum interface3.
I Low surface tension4.

Biofilm spreads passively as a unit.

Low surface tension

Nutrients

Weak adhesion

Mixture of cells and ECM

Substratum

2T. B. Reynolds and G. R. Fink, Science 291 (2001), pp. 878–881.
3J. Recht et al., J. Bacteriol. 182 (2000), pp. 4348–4351.
4R. M. Harshey, Ann. Rev. Microbiol. 57 (2003), pp. 249–273.
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Model assumptions

Substratum z = −Hs

z

Rb

Free surface z = h(r,t)

r

Hb
 S(t)

Mixture of cells and ECM

Axisymmetric cylindrical geometry.
I Biofilm occupies 0 ≤ r ≤ S(t) and 0 ≤ z ≤ h(r , t).

Biofilm is a mixture of two (viscous, Newtonian) fluid phases:
I Living cells φn(r , z, t) and ECM φm(r , z, t), with φn + φm = 1.
I Similar physical properties: ρn = ρm, µn = µm, etc.
I Large interphase drag: un = um.

Thin aspect ratio

Hs
Rb

= ε� 1, Hb
Rb

= O(ε).
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Governing equations
Mass balance (fluid phases)

∂φn
∂t

+ ∇ · (φnu) = ψnφngb − ψdφn,

∂φm
∂t

+ ∇ · (φmu) = ψmφngb + ψdφn.

Mass balance (nutrients in the substratum and biofilm)

∂gs
∂t

= Ds∇2gs ,

∂gb
∂t

+ ∇ · (gbφmu) = Db∇2gb − ηφngb.

Momentum balance (fluid mixture)

∇ · σ = 0 .
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Boundary conditions
Boundary conditions for nutrients and fluids close the model.

z = −Hs

z

z = 0

 S(t)

No-flux

No-flux

Kinematic

No tangential stress

No normal stress

No radial stress
Mass transfer

No penetration, no tangential stress

Nutrient transfer conditions on z = 0:

Ds
∂gs
∂z

= −Q (gs − gb) , Db
∂gb
∂z

= −Q (gs − gb) .

No normal stress on the free surface models low surface tension.
No tangential stress on the substratum models weak adhesion.
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Extensional flow scaling
Scaling based on relevant physics.

I Thin biofilm (aspect ratio ε� 1).
I Low surface tension.
I Nutrient-limited growth.

Variables

(r , z) = (Rb r̂ , εRb ẑ), (ur , uz ) = (ψnGRb ûr , εψnGRb ûz ),

t =
t̂

ψnG , gs = Gĝs , gb = Gĝb, p = ψnGµp̂.

Parameters (estimated based on experiments)

Ψm =
ψm
ψn

= 0.11, Ψd =
ψdG
ψn

= 0,

D =
Ds

ψnGR2
b

= 4.34, Pe =
ψnGR2

b
Db

= 0.95, Υ =
ηR2

b
Db

= 3.15,

Qs =
QRb
εDs

= 2.09, Qb =
QRb
εDb

= 8.65.
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Thin-film model
Expand variables

h ∼ h0(r , t) + ε2h1(r , t), φn ∼ φn0(r , z, t) + ε2φn1(r , z, t), etc.
Dimensionless model (dropping hats)

1
r
∂

∂r
(rur ) +

∂uz

∂z
= (1 + Ψm)φngb,

∂φn

∂t
+

1
r
∂

∂r
(rurφn) +

∂

∂z
(uzφn) = φngb −Ψdφn,

∂gs

∂t
= D

[
1
r
∂

∂r

(
r ∂gs

∂r

)
+

1
ε2

∂2gs

∂z2

]
Pe

(
∂gb

∂t
+ ∇ · [(1− φn)gbu]

)
=

1
r
∂

∂r

(
r ∂gb

∂r

)
+

1
ε2

∂2gb

∂z2 −Υφngb,

− ∂p
∂r

+
2
r
∂

∂r

(
r ∂ur

∂r

)
− 2

3
∂

∂r

[
1
r
∂

∂r
(rur ) +

∂uz

∂z

]
+

∂

∂z

(
∂uz

∂r
+

1
ε2

∂ur

∂z

)
− 2

r 2 ur = 0,

− ∂p
∂z

+ 2 ∂
2uz

∂z2 −
2
3
∂

∂z

[
1
r
∂

∂r
(rur ) +

∂uz

∂z

]
+

1
r
∂

∂r

[
r
(
∂ur

∂z
+ ε2

∂uz

∂r

)]
= 0.
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Thin-film model
Expand variables

h ∼ h0(r , t) + ε2h1(r , t), φn ∼ φn0(r , z, t) + ε2φn1(r , z, t), etc.
Simplified leading-order model

1
r
∂

∂r
(rur 0) +

∂uz 0

∂z
= (1 + Ψm)φn0gb0,

∂φn0

∂t
+

1
r
∂

∂r
(rur 0φn0) +

∂

∂z
(uz 0φn0) = φn0gb0 −Ψdφn0,

∂2gs 0
∂z2 = 0,

∂2gb0
∂z2 = 0,

∂2ur 0

∂z2 = 0,

− ∂p0

∂z
+

1
3
∂

∂z

[
1
r
∂

∂r
(rur 0) +

∂uz 0

∂z

]
+

∂2uz 0

∂z2 = 0.
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Thin-film model
Integrating across biofilm depth eliminates z dependence.

φ̄n =
1
h

∫ h

0
φn dz.

Applying BCs gives a 1D system for r ∈ [0,S(t)]

∂h0

∂t
+

1
r
∂

∂r
(rur 0h0) = (1 + Ψm) φ̄n0gb0h0,

∂φ̄n0

∂t
+ ur 0

∂φ̄n0

∂r
= φ̄n0

[
gb0 −Ψd − (1 + Ψm) φ̄n0gb0

]
,

∂gs 0
∂t

= D
[
1
r
∂

∂r

(
r ∂gs 0
∂r

)
− Qs (gs 0 − gb0)

]
,

Pe

[
h0
∂gb0
∂t

+
1
r
∂

∂r
(
rur 0

(
1− φ̄n0

)
gb0h0

)]
=

1
r
∂

∂r

(
rh0

∂gb0
∂r

)
+ Qb (gs 0 − gb0)−Υφ̄n0gb0h0,

2 ∂

∂r

[
h0

r
∂

∂r
(rur 0)

]
− ur 0

r
∂h0

∂r
= (1 + Ψm)

∂

∂r
(
φ̄n0gb0h0

)
.
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Numerical solution and comparison with experiments
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convergence with grid spacing and time step size. Further details on the numerical method are
provided in the online supplementary material.

We compute solutions for the parameters given in Table 1 to faciliate comparison with
experiments. There is good agreement between the numerical contact line position and the
measured radius of the S. cerevisiae mats, as shown in Figure 3a. Unlike the reaction–diffusion
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Figure 3: Numerical solution and comparison with experimental data. (a) Comparison of numerical
contact line position (dashed curve) with experimental data. Dots indicate the mean data, and
error bars indicate the experimental range. (b) Instantaneous biofilm expansion speed ur(S(t), t) in
the numerical solution. (c) Biofilm height h(r, t) and (d) nutrient concentration in the substratum
gs(r, t) plotted for t∈ [0, 15.9], and r ∈ [0, 14.4], at ten equispaced time intervals. Dashed curves
indicate initial conditions. Arrows indicate the direction of increasing time.

model of Tam et al. [5], Figure 3b shows that the extensional flow model produces a non-constant
expansion speed. Instead, the velocity profile resembles the experimental B. subtilis biofilms of
Srinivasan, Kaplan, and Mahadevan [54], featuring an initial period of acceleration followed by a
deceleration. Numerical solutions also allow us to predict how the biofilm shape evolves with
time. For example, Figure 3c and 3d show that the biofilm expands vertically and radially when
nutrients are abundant, and thins out as nutrients deplete.

(b) The effect of model parameters on biofilm size
In §(a), we considered one set of parameters relevant to the S. cerevisiae mat formation
experiments. However, biofilms can grow in vastly different ways depending on the microbial
species and environmental conditions. For example, although the ECM fraction is approximately
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Figure 3: Numerical solution and comparison with experimental data. (a) Comparison of numerical
contact line position (dashed curve) with experimental data. Dots indicate the mean data, and
error bars indicate the experimental range. (b) Instantaneous biofilm expansion speed ur(S(t), t) in
the numerical solution. (c) Biofilm height h(r, t) and (d) nutrient concentration in the substratum
gs(r, t) plotted for t∈ [0, 15.9], and r ∈ [0, 14.4], at ten equispaced time intervals. Dashed curves
indicate initial conditions. Arrows indicate the direction of increasing time.
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Predicting biofilm size
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Figure 4: The effect of model parameters on predicted biofilm radius, S(T ), after five days of
growth. The initial conditions are (2.9), and parameters (excepting T ) where held constant are
given in Table 1.

production mechanisms, for example ECM production regulated by quorum sensing. It is also
possible to include more complicated mechanical behaviour, for example the viscoelastic rheology
of biofilms, or the effect of substratum elasticity, which potentially causes buckling [12]. We
intend to tackle some of these scenarios in future work, with the overall goal of eliminating
pathogenic biofilms in clinical settings, or harnessing the biofilm’s vast industrial potential.
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Predicting biofilm shape
We observe ridge formation in different experimental conditions.
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Figure 1. Experimental features of microbial swarms and biofilms. (A) Snapshot of a Bacillus subtilis swarm expanding on a
0.5 wt% LB/agar gel. (B,C) Brightfield and fluorescent zoom images of the leading swarm edge of a MTC822 strain containing
the fluorescent Phyperspank-mKate2 reporter that is expressed constitutively. The dashed white lines indicates the extent of the
multi-cellular region. (D) Expansion velocity of the swarm measured at intervals of 10 s over a 10 min period. The solid
line corresponds to a mean steady-state velocity of V = 2 mm/h. (E) Mean intensity traces of the constitutive fluorophore
(mKate2) representing bacterial densities profiles plotted in the moving steady-state frame. The dark grey traces represent
separate density profile measurements taken every 10 s in the advancing swarm. The solid line represents the density profile
averaged over a period of 30 min. (F) A Bacillus subtilis biofilm colony developing on a 1.5 wt% MSgg/agar gel. (G,H)
Brightfield and fluorescent zoom images of the biofilm colony formed by a MTC832 strain harboring the PtapA-cfp fluorescent
reporter expressed in cells synthesizing the extracellular polymeric matrix (EPS). The dashed white lines indicates the extent
of an active peripheral zone signifying localized EPS production. (I) Expansion velocity of the biofilm colony measured at
intervals of 10 mins over a 72 h period. The peak expansion velocity of V = 0.22 mm/h occurs at t ∼ 18 h after inoculation.
(J) Azimuthally averaged matrix reporter activity (cfp) as a function of spatial distance within the biofilm.

II. EXPERIMENTAL BACKGROUND

A. Bacterial swarms

Experiments on swarming colonies of E. coli [14, 21,
22], S. enterica [23–26] and P. aeruginosa [27] reveal cer-
tain reproducible features associated with this modality
of collective behavior. For example, E. coli swarms on
agarose gels have a steady front shape that propagates
radially at a uniform speed [22]. In these swarms, mea-
surements of the osmotic pressure profiles were found to
be consistent with the active secretion of lipopeptides and
glycolipids in regions of high cell density that serve to flu-
idize the swarm by extracting water from the underlying
tissue, thus allowing it to spread [14]. These observa-
tions are not unique to E. Coli ; indeed our experiments
with B. subtilis swarms, following [28], indicate the same

phenomena, i.e. a steady-state front shape and speed,
as shown in Figs. 1A- 1E. Close to the spreading front,
we observe a multilayer region of width W = 195 µm ±
35 µm, indicated by the dashed white lines in Figs. 1B
and 1C. The multilayer region correlates with increased
colony thickness and local bacterial density [22]. At the
edge, and in the interior, there is just a monolayer of
cells. The swarm radial expansion velocity is constant
at V = 2 mm/hr (see Fig. 1D) and the swarm front
maintains a steady-state profile during expansion (see
Fig. 1E). These observations raise a number of natural
questions associated with the steady-state velocity and
profile of the swarm colony. Given the observations of os-
motic gradient-driven flow in the vicinity of the growing
front [14], coupled with variations in the thickness and
activity of bacteria, any framework to explain these re-
quires a consideration of a dynamic bacterial population
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(a) Bacterial biofilm5.

S-D-lactoylglutathione, and GLO2 and GLO4, which
convert this intermediate to D lactate and glutathione,
are also upregulated (2-fold and 1.8-fold respectively).

Stress responses, the pentose phosphate pathway and
redox states
Thirty-seven genes with roles in various stress responses
were upregulated in aerial cells, compared to only seven
genes found upregulated in roots (Table 1). Thirteen of
these stress-response related genes in aerial cells
encoded proteins involved in protein folding or refold-
ing. Another four genes (GRE1, SIP18, STF2 and
YJL144W) are involved in desiccation-rehydration pro-
cesses, three genes (MSH2, PHR1 and ULP2) in DNA re-
pair and five genes in oxidative stress defense (CTT1,
GTO1, TRR2, RNY1 and GPX1). Five of the seven genes
upregulated in root cells are involved in oxidative stress
response (GPX2, TRR1, SRX1, FRM2 and CCS1).
Genes for alternative isozymes of transketolase, transaldo-

lase, 6-phosphogluconolactonase and 6-phosphogluconate

dehydrogenase involved in PPP were upregulated in aerial
(TKL2, NQM1, SOL4 and GND2) and root (TKL1, SOL3
and GND1, the last two genes 1.8-fold and 1.7-fold respect-
ively) cells (Fig. 5), indicating that PPP output is shifted
towards precursors of amino acid/nucleotide biosynthesis in
roots and towards production of NADPH (and thus redox-
state balancing) in aerial cells [17]. The RKI1 gene for
ribose-5-phosphate ketol-isomerase, which generates im-
portant precursors of amino acid biosynthesis from the pen-
tose phosphate pathway [18], was also upregulated in roots.
This finding fits with the observation of upregulated amino
acid metabolism in roots and increased stress responses of
cells in aerial regions.

Autophagy in aerial cells
Autophagy genes (11 genes) are upregulated in aerial
cells compared with root cells. 2PE-CM of cross-
sections of colonies of BR-F producing cytosolic or per-
oxisomal GFP-tagged proteins showed accumulation of
GFP in vacuoles of aerial cells (a sign of active autoph-
agy delivering cytosolic proteins/peroxisomes to the
vacuole for degradation) (Fig. 3c). No GFP was observed
in the vacuoles of root cells. Active autophagy in aerial
cells was confirmed by western blot of aerial/root cells
of an Arg1p-GFP-producing strain; the tagged cytosolic
protein is degraded to free GFP in the vacuoles only in
aerial cells. This observation fits with the transcripto-
mics data and indicates that autophagy is active in aerial
cells but not in the root cells.

Expression of alternative isozymes indicates different
glucose levels in root and aerial parts
As shown in Fig. 5, isogenes of different metabolic en-
zymes and some transporters are differently expressed in
aerial and root samples. Isogenes that are more highly
expressed in carbon-limited (low glucose) conditions,
such as GND2, TKL2, NQM1, ACS1, HXK1, PDC6,
ALD2, ALD3, GAL2, HXT5, HXT6, HXT10, and HXT14,
are upregulated in aerial samples and those that are
more highly expressed on fermentable carbon sources,
such as GND1, TKL1, SOL3, ACS2, HXK2, PDC1, and
ACO2, are upregulated in root samples. As colonies were
grown from the outset on respiratory GMA agar without
glucose, potential differences in intracellular glucose/
sugar levels could be due to differences in cell subpopu-
lation metabolisms. Some glucose and/or other sugars
can originate from polysaccharides of the extracellular
matrix synthesized from glycerol earlier in colony devel-
opment (ECM starts to be produced within ~ 30 h old
colonies; [3]). In addition, observed isogene expression
differences are consistent with an upregulation of gluco-
neogenesis that provides glucose to root cells and an
upregulation of glycolysis that degrades glucose in
aerial cells.

Fig. 6 Glycogen and trehalose content in colonies. a Presence of
glycogen (in brown) in 3-day-old BR-F colonies. Thin cross-sections
of colonies were stained and observed using transmitted light. b
Glycogen and trehalose content in aerial cells from wt, gip2Δ, pig1Δ
and pig2Δ colonies. The mean of three biological and 3-4 technical
replicates each is shown ± SD, ***p < 0.0001
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(b) Yeast colony6.

The model can reproduce ridge formation.
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Figure 5: A.
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Summary

We derived a multi-phase model for sliding motility in biofilms.
The extensional flow thin-film limit simplifies the model.
Sliding motility can explain experimental results.
We predict effect of parameters on biofilm size and shape.
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Initial and boundary conditions

Initial conditions:

S(0) = 1, h0(r , 0) = H0
(
1− r 2

)
, φ̄n0(r , 0) = 1, gs 0(r , 0) = 1, gb0(r , 0) = 0.

Boundary conditions:

∂h0

∂r

∣∣∣∣
(0,t)

= 0, ∂φ̄n0

∂r

∣∣∣∣
(0,t)

= 0, ∂gs 0
∂r

∣∣∣∣
(0,t)

= 0, ∂gb0
∂r

∣∣∣∣
(0,t)

= 0, ur 0(0, t) = 0.

dS
dt = ur 0 (S(t), t) .

∂gs 0
∂r

∣∣∣∣
(Rp ,t)

= 0.

∂gb0
∂r

∣∣∣∣
(S(t),t)

= 0.

2 ∂ur 0

∂r
+

ur 0

r = (1 + Ψm) φ̄n0gb0, on (r , t) = (S(t), t) .
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Numerics and solution for nutrient concentrations
For gs , we split the domain into two regions:

I Biofilm domain, r ∈ [0,S(t)].
I Unoccupied Petri dish domain, r ∈ [S(t),R], where Qs = 0.

Newton’s method ensures gs and ∂r gs are continuous at S(t).

Solve model using front-fixing Crank–Nicolson scheme

ξ =
r

S(t)
, and ξouter =

r − S(t)

R − S(t)
.
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convergence with grid spacing and time step size. Further details on the numerical method are
provided in the online supplementary material.

We compute solutions for the parameters given in Table 1 to faciliate comparison with
experiments. There is good agreement between the numerical contact line position and the
measured radius of the S. cerevisiae mats, as shown in Figure 3a. Unlike the reaction–diffusion
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Figure 3: Numerical solution and comparison with experimental data. (a) Comparison of numerical
contact line position (dashed curve) with experimental data. Dots indicate the mean data, and
error bars indicate the experimental range. (b) Instantaneous biofilm expansion speed ur(S(t), t) in
the numerical solution. (c) Biofilm height h(r, t) and (d) nutrient concentration in the substratum
gs(r, t) plotted for t∈ [0, 15.9], and r ∈ [0, 14.4], at ten equispaced time intervals. Dashed curves
indicate initial conditions. Arrows indicate the direction of increasing time.
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